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On Subset Selection Procedures for Poisson Processes and

Some Applications to the Binomial and Multinomial Problems*

by

Shanti S. Gupta and Wing-Yue Wong
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1. Introduction

The Poisson process arises in many applications, especially, as

a model for arrivals at a store, for arrivals of calls at a telephone

exchange, for arrivals of radioactive particles at a Geiger counter,

etc. In this paper, the problem of selecting a subset of k different

Poisson processes including the best which is associated with the

largest value of the mean rate is discussed. Some subset

selection procedures are proposed and studied. An application of these

procedures to the subset selection problem for the largest probability

of a success of k binomial populations, whose parameters are unknown,

is considered. Results are also applied to the problem of selecting

the largest cell probability from a multinomial distribution, again the

cell probabilities being unknown. ,t should be pointed out that fixed

sample subset selection procedures for Poisson distributions have been

considered by Gupta and Huang [9] and Goel [5]. Gupta and Nagel [11]

have also studied some fixed sample selection procedures for a multi-

nomial distribution. Some parallel selection procedures have been

discussed by Alam [1]. Recently Goel [6] also proposed a subset selection

procedure for Poisson processes. The procedure of Goel [6] is different

from ours.

This research was supported by the Office of Naval Research under contract
N00014-75-C-0455 at Purdue University. Reproduction in whole or part is
permitted for any purpose of the United States Government.



Ltet :-,. 1 be k Poisson processes with mecan rates Z.

'l'~~'k'respectively. Yet...... k denote the ordered set-

of the values XP ...*~ I ' k The process associated with Afl s'k]

de f inod to he tie hs t. process . AllI througjh thi,. paper wie asUme that

,,s are unlknow,,n and that there is no a priori information available

about zne ccrrecl: pairing of the ordered *Lil values and the k given

Poisson processes. Our problem is to define a subset selection procedure

which selects a small, non-empty subset of the k processes and guarantees

that the selected subset includes the best process with probability at

least ~ ~ ~ .*,k <P 1. ICSsands for a correct selection then our

goal is to define a selection rule R such that

(1.1) inf P(CSIR) P

where ,2is the set of allI k-Lupies ~'l 'k)' '\ 0, i z-1,. .k.

In Section 2, some subset selection rules for selecting a subset,

containing the process w-ith the smal lest valueq are, proposed. The

probability of a correct -elictiol is evaluated. Some properties of the

proposed selection rules are discuss-ed. ection 3 deals with the anaiopous

probl em of ,el ectinri Lhe process! fur which the associated value x is thle

largst.In Section 4, applications to binomial and iiultinomi,)l selection

probilem-. are considered.

2.Selection Procedures_ for the Process Asociated with£1

n thisr c t. i on, f o ur d i f fr, ren it.s L i on n uI es; .1re prnposeCd.

(A) Prw2(,dtrv R 1and T I;.rl Pr frt

it 1( ,I.,l 111rol' i '4v~'a'iv~1d 10 W Wv'cosses



with Fil' i 1,..., k. Let N be a fixed positive integer. We propose

a subset selection rule as follows:

R: Observe the processes until max Xi(t) = N. Select process
li-k 1

if and only if

(2.1) Xi(t ) N-cl

where c, = cl(k,P*,N) is the smallest non-negative integer for which

the condition (1.1) is satisfied.

Before we derive some properties of the selection rule, we introduce

some definitions. Let =Define

(2.2) P i R) = M is selected!R).

Definition 2.1. A rule R is said to be (reverse) strongly smonotone in

"(i) if

(j) in i when all other components of A._ are fixed.

p,(i'R) is

-A ) i ( ) in Ir. (j i) when all other components of N are fixed.L J

Gupta [8] has proved that the subset selection rules which he studied

possess the properties of monotonicity and unbiasedness. We recall these

definitions (see Santner [17]).

Definition 2.2. The rule P is (rever-e) monotone means for all 1 i j k,

and > C: ,

(2.3) p (i!R) (-.) p (j R).

Definition 2.3. The rule R is unbiased means for all 1 i - k, and
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p (R does not select p,(R does not select the beet process).

Remark .2.1,. (1) If a rule R is (reverse) strongly monotone in T(i) for

all i ],..., k, then R is (reverse) monotone and

(2.4) inf P(CSJR) 7 inf P(CS R)

0

where : . .

(2) If P is (reverse) ionotone, then it is unbiased.

Let Ti(N) denote the waiting time for N arrivals for the process

= 1,..., k. Ti(N) is distributed according to ganna distribution

with density given by

A

(2.5) fi N(t) t N-e i tTN,4N(N) -, N

It is easy to see that rule Rl can be rewritten as follows:

Select process 7 if and only if

(2.6) Ti (N-cl) mmn T (N).

-l . k j

Let T(i)(N) denote the unknown waiting time for N arrivals for the

process r(i)' 1 1,..., k. Then for any _ C

p (i Rl ) P (T (rN-c in T N)).... I _ <j:_ u )

(2.7) f ;I 'I-GN t)dG W,
0 j=l N "

i4i
where

= x I tr-1 t
(2.8) G r(x) T-r t e- dt.

- - -- .I .I-"
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It follows from (2.7) that procedure Rl is reverse strongly monotone

in 71() for all i = 1,..., k. Furthermore

(2.9) inf P(CSIRI) = inf P(CSIRI) = ffl-GN(t)}kl dGNc (t)
0

which is independent of the common unknown parameter. Hence we

have proved the following theorem.

Theorem 2.1. The procedure R, is reverse strongly monotone in (i)

for all i = 1,..., k, and the infimum of the probability of a correct

selection occurs when all the processes are identical and the infimum

does not depend on the common unknown parameter.

Remark 2.2. In order to find the selection constant cI so as to satisfy

the condition (1.1), we solve for the smallest integer (0 _ c, - N) which

satisfies

(2.10 f~l-N~t)k-I( 2 .1 ) j -G N t) } d G N c (t ) > P * .

0 1

For given k, N and P*,values of cI have been computed along with the

actual values of the probabilities.

Consistent with the basic probability requirement (1.1), we

would like the size of the selected subset to be small. Now, S,

the size of the selected subset is a random variable which takes

values 1,2,...,k. Hence one criterion of the efficiency of the

procedure R1 is the expected value of the size of the selected

subset. The expected value of S is given by

k
E (SIR,) = i P (i is selected!R I)

k k(2.11) i= f : ! 1I-GN([ -t)IdG N -cl(t ).

il 0 j:l '[j]
ji
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It will now be shown that the maximum of E (S!RI) takes place when

all the parameter,,- are equal. If we set the in larrjest parameter Ei]

(I r in k) equal to a common value , (say), we obtain from (2.11) that

k-m
(2.12) EW(S RI ) -m j l-GN\t) j -C - t)G (t)S P- N t--dGN-c1

r- n.I G : m -k
r -( ... : {Il-G t)} (t).

iNi o j=l N t[j] dNct)
ji

We now show that the right hand member of (2.12) is a decreasing function

of .\ for k-I < P* < 1. Since this holds for integer m < k, this proves

that the maximum value of ES R1) occurs when x = , and the desired

result will follow. To show that E. (S'RI) is monotone, we differentiate

E (S'R1 ) with respect to A and show that the derivative is neqative for

k- 1 < P* < 1. Differentiation qives

k-iq )k I
(2.13) E (SIR)= -m 7 {-G (t) l k I-GN t)pi

ji

1'CN -- t) N-  e t dGN (t)

L(N) ij] ;[i ]

k-m k-m
+ m. .f l - I ,]I- G N  t ) l -Ni=l N " il ' [jt

j-[ii

- t
I ([i] N-17--- A- - t) e U- - t d GN c (t).

t) e .2 N-c1

If we let .,t till' in the first, inteqral and drop primes then (2.13)

becomes



-i (rF)J-(nl k-rn1C([]t

S'lN N( t)

i i
i T-'jJ t

r('[i" ~ ~ r t ij J ( 1. t)t j

0.

rencP we have proved the followinq theorem.

Theore- 2.2.

(2.14) sup F (S I) V h - (:)t)

Inva-riance and Minimax Propertie,

tX 1  be a set of observ i....ons fror: k populations (processes)

1.... resective y and R im a pr(ccdure which scJncts with probability

i(Xl ..... k). Then the procedurer is said to be invariant if

i ( l . . . X i . . . . j -. . . k )  .-j X l . . . . .X j . . . . .X i 1 . . . . I X k )

for all i and j.

it had been shown by Gupta and Studden [131 that for any invariant rule

R* ,

E. (S ,*) k 1) (CS R*)

whero . ') It follows from Theorem 2.1 and Theorem 2.2

that the rule RI is rinimax in the sense that it minimizes sup E\(SIR)

over the class of all invariant r-Ie si sfyin; tie basic P* condition.

(B) Procedurr P, .- ind Its 9roperti os

Sup:pose that the PF-isson proces,,ss are observed at successive

intervals of time, t h1......bserv the proce,ss until time t0 1
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the smallest value of t, say, when the number of arrivals from one of the

processes is equal to or greater than N. Let I denote the set of values i

for which Xi(to N and J the set of values j for which X (to) > N-c1 where

c, is the constant associated with R defined in (2.1). Clearly I J. For

each j C J. let tio be the time such that Xj(tjo) N-c1 and X.(tj-) - N-cI,

and let In = N-c -Xi(tio-l, n - X(1 ,t j O )-X j (t j O-l). Similarly for each i C I,

let m' - N-Xi(t o-1) and nI ' z Xi (t O )-X i (t O-l). Let U(mn) denote the mth

smallest observation in a sample of .ize n from a uniform distribution on the

unit interval (0,1). Now we compute

U j tjo- 1+ U(mj, n) for j J

(2.15)

U, = to-I + U(m',n') for i c I

and propose the followinq selection rule:

Select process (j r 1) if and only if

(2.16) UIt' i n U

Note that Ui and U. are sirply ,ioe ;.ia iin, times for N and N-c1 arrival

from the procez-ses and r, ep:tIct vely. To se-e this, observe that if

n is a rcndor: variahle distrihutzed Kcoednin to ti-,o Poi sson distribution

with :ean , then for any givr, value of ii,

, n n! Mt )n- IT'

(2.17) Pr(U(wn) ! '

i!(M-~Yil ( - n Hi

n 71t;,

= r?-, .,'t)0 • t < i

Thu,, titl arrivil% timhes Ior i ois.'on iroe ca,- het ienerated from the

o(hsgrvnd nuwhr of r i i diiri : ,.ei, Jucessi Un it tiMe intervls , and



rarido:: oiervatjon,. frwm a unr forK di trihution. It oilrow, thdt for any

Le+

I I -C e)i (Cit d

- the no Il, ) fro rlr rs ,, .... . '- Pinf r t l r s 1i . ....

(2.12) inf p(rs P2 ) c ~-,(' .,, (- t

1 0 -ku 0{
(C) Procedure,,R and Ra and T'_i ''=r prt:-

Let be a fixed posit-'. ..... ,r. AY/Cn .ruuero rrvl

XI(tO) .. Xk(tQ) from processges ... dur~rv";:irme t0, respectively.

We propose a rule R3 as follows:

3: Select process f an i ,l-/

X j 0
+ 1 C, "a X

where c3 = c3 (k,P*,to) is the largest nonregative number satisfied tr.se

condition (1.1).

It is easy to see that for any -

x+t9l t,.h
/i ' 7  r n r ] 1.0 Ay

3 Y
p (i R3 r, _. _ ,o y! --

" i i ) l ,"

II.I ., '



r~~v j 1cri ..n i ~ r' I' ]

If 

rj r

Thoorer 2.3. PKr t< ~ n !ri' /! mIujr' r, c ) p~

and let c 3 (r) 'ie tire larcjest v jluf .urn rI~ht

r 0*

of c, r c..rY 1,) 1 Wt

C!, o nc ri y

E S K ( 1)t)± tla X (t ~)+ (k-)p (X X((t 0)) + t0 >

C, max X4(t0- j12 i

k-. X(1)(t)+t0 -c X()(t.) + (k-l)P ( (x (t )+st0 <CjX (t)

k - X

'1+Y- +



(2 23)i c X

jim re r; th same carp nr( )!i f,~' i n i : r V tv,( te fn to

wh~i e r
a, +

1&WON



1?

C S,, R',i Od X At ) - r)I OIX 10 4 o-(CS R4 ) : i () (tO)+1,) (4 2.- j ) (t" i ( l (tQi)

x.
r) ~ ~ ~ F pr I Jk I. -

x k

where the cecond ummiation of the right hand I-ido of (2.26) ic over all

(k-1)-tuDles (x 2 ,.. . .Xk) o nfonnPqati ye nteqer; , l;uch that

x+t k
0 x. rin.. ,r-x;, i 2,...,k, and x. - r-x.

1 C4  ?

Recall that the vector x - (xI ... ,.x majorizes the vector '

if Fl

l Fn+l-i]i~ l i[n+l-i] for

(2.27)

XF.- - ri]
L J

i'-l L1 J il iF]

and is written x Ay. I real-valued firnctior -x call-d I Schur-convey
concave) function if ,( ( ) henever - Lii known that

(see Rinott [16') if . x , ecicr-,oncawe function an

(Xl ..... Xk) is a multinomial random vector with parameter N and p, then

E,,,(X 1 .. .xk) is Schur-concave in p.

Now for a fixed x, the s,,cond umrition of the riqht hand member of

(2.26) can be expressed as
x.

k
(2.28) 1,(r-x)! E() E ,(Y

j =2 y

where

i ra M y v. ,t 0

(2.29) "(Yl .  - -  1

if r ;1 'y / • +

and (Y, ..... Y _ i, a -ultin mial r i rirm'm yr c r .,4i th par ame ters r-Y, and
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- k-, ... -,k-i S" ince i a yimiPtr ic Schur-cunave func tion,

i t = thatE (Y1 .. . ,Y is hur-:o1w. t " 1 . In othr wor,.

if we fix sk l and tj the n P' C: R4) decreas,- whenl'2 [ ] ~ n t.

the le,.a,t favorable confiqurat ion i of the form (., .... , , . . . ) wher,

* , 1. It ',hould be pointod out that thf, probabil iti f a correct

selection under the confiquration ( ... J. does not depnd on

the unknown parameter . Also wnen k , the iintiimuiw of PhC>' P4' take
4)

place when the two ;.roce,-e'; ar- i ent icil. Howe vr,' when k 3, the

infir.II'u,, of PV(C; R,) ri( " fl" , 'no'saril tn L , pla-r a t .h f c nfiquraticn

of the type i .... ,....) a, snowii by the follnwinq exaiple.

First of all , we need some algebraic consept ,. Let

(2.30) p(x)=aoxn + aln-i +... + , a n n

be a polynomial of deqrep n. Thp coefficients aoal .... a are assured01 n

to be real. The discririinant of the polynomial of o(x) is defined to be

a 0  a a... ar- n 0 0 ... 0

n a . -1- a 1 0 . . . 0

(n-i) rows
(2.31) D(D)

0 0 ... a a, . ... a

na,, (n-- )ql ... ;t _ 0 0

0 n rows

0 na . . . a01

In particular, when p(x:) = aoX? 4 a X a9 then D(2 )  a -_aoa1 .  It is
r ~ 1 0 2~P d 1 ~

well-known that (see L1 4]) if the po ynoi:;ia] p(x) with real oefficient,,

not havinq multipin rotts, thonu 0( f) h, if the numl'r of I) i ris of comlplex

conjuqato root, i r :(x) is evt, and P(;P) H, if hii, nu'hr i" odd.



14

M'oreoever, D(p) 0 if and only if p(x) has multiple roots). Now we consider

the cast' when k C, L 0, --1 and Y.(" ( tq under the confiquration

(2.21) >,), U 1.

Let x I +2< Under the con fiqgura t i n (,".311

3
(2'.32) P(CS R~ r(X l(t&)+l 11max X ()(t) X(i (to) 6)

3
- -P (X 1  0, mlax x X (t0  Y.x (t0 )=6)

1x(3-2x) - (lX I--,-l)

-p(X), say.

The derivative ,)(x) of p(x) is, a polynomial of deqree 5. it follows

that p' x) ha-, at -io,"tw pa -1rc o f comp lex conjugate roots . Direct

crY-.utation sh-,-s tha-t thp iciwat oV C x) is; negative. This implies

t D' X ) in i o'r, -o root-. 7 2i ri-e p) 'p' (1) 0 and rp (x) - 0 for all

; e at most two real1 root,. lyinq in the interval. Moreover

s () 0 r'( + , ansi n' p( Now

p( 0.V~057,0 p(l) 0 .90 5,05 p(O) 0.984375.

This, imipl ie t hat thp i ofimuri of p( x) taike; piarc, ior -,ome xin the closed

rtp 1 1 5  ej r oma that the ioast faivorale'f confiqur-

tion is, of tho tvpc , .,nitrc

Thr eOYt. trOp(C.qr5 . that) I.' i iocttn(

Thenrem J. Fo[ r 1 i orino

P , I , r] .,I Pr d R-



Proof. For 1 i j k and ..... k

((.33) Pi P4) F(X(. )(tO)+tl . I max X(j (to) k Xi(to) r)

r P ) ( )

I

where the first summation is over all 1-tuples (x I,.... xk) f nonnegative
k

integer such that (i) x. r and (ii) xi±to>c4 +t ax x ; the second
i l 1 ,1

summation is over all (xi,x ) such that (i) holds and x i + t0  c4xj. Since

the term in the first parenthesis can be written as

c4 (xj +x .)-t 0C 4_(x- .+x.-I~x-i~x1+1)
1+ 4[i ] [ -- 4. .. : ,

'[i ]* [i ]

where I (. represnets the incomplete heri funotion, and [x], the intf-gralp

Part of x. Similarly,

X. X -+ - ,"[ x] _ [jl ) x

(2.34) P,(j 4J = 5 Ij ( IX ' -4 x ' [i ]+; [j ] [i]* '[j]

r! x x .+x.
;-, x -¥x-- P (Pik + Pj k)  j

7x XQTVT X Kk 'ik ~k

j ' TJ

where the suimations are respectively over the rame reqgions as that of

p, (i *R) From the farl' that
4

L, .,Lt ,.I) i I! l ,
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it follows that p,(i R ) ,jI whenever i -j. This completes the proof.

The followirnj result provides a method to obtain a cons'ervative selection

constant for the procedure R 4 *

Theoremi 2._ri. For a (jiveri P*, let P* - and let c4 be the largestI k-I
C 4r-t

4
positive number such that ~ -~,te n S 4)

Proof. For any 'k

kk

P (CSIR) P (X (t )+to c4  'fax X(J(t) 2 X (t )=r)
A 4 r () 0 0 ? 2j*k 0i-l (i) U0

k
1-P (X (t)+t- c4  max X .(to)i X ( r

r (1) 0 4 k (j i I)M 0
k k

P(X t) t il () =0r)
I- ' r (1)t)O C4 X(J)(t)jj X (t 0r

k l~ 4
-~~ -, (r(

Ic 4-

-I 10

=P*.

3. Selection- Pro cedu re s for th e P roce s s -Ass o ci ated -wit h A[k

For the analogous problem of selecting the process for which the

mean rate is the smallest, we propose the following subset .;election

rules.

(A) Let N be a fixed positive integer. We obse;(rved the processes until,

say t0 , that min Xi( to ;I
1 i k



17

RP: Select the process :i if and only if

(3.1) X i(t0 ) N + C i ,

where ci is the smallest non-neqative integer such that the basic probability

requirement (1.I) i,1; satisfied.

By usinq similar arquments as given in Section 2, one can show that the
procedure Rl is strongly monotone in :(i) for all i= 1... k. This implies

that the infimum of P(CS:Rl ) takes plar, when all the process are identical.

In Tact, the infimum of P(CS Rj) is given by

(3.2) inf P(CSiRi) =f G (t)dGN+(t).
0 N

Also, one can show that

(3.3) sup E(S'Ri) = k inf P(CS'R).

(B) If the processes are observed at sUccessive intervals of time t = 1,2,...

We observe the processes until the fir-st time t., ,,, when 'in Xi (t) N.
I i k

Let t. be the time such that '\(t) N ind Xt-l) N, I ,...,k Let

mi. = N-Xi(ti-l) and ni  Xi(ti)-Xi(ti-l). As in the previous section, we

compute

(3.4) U. = ti-l + U(mini), i =  1,..., k,

and propose a selection procedure R2 as follows:

R'): Retain process in the slected subset if and only if

(3.5) U. c 1, max U.,

wherF, 0 c.', 1 i,, the rjp,.t v,i I I)( wtI i h the, (.(uidili oi (I i.

fa . i I'd . ,i tl , o ! d' 1I' I 1'4 I ., ,,i I 111) , l 4 l l , l €' l , r . I ) l i

Srm l 1em of se e l 11( 1 i . ,',t i t 0 111 I O l ri I ,, :. t '1 .h ll I I i " 1 0 0th ()IIi' with

the sia Ilest v lut, of 1oi1! Iilrl;(i vr. io f . -oiow', [ 7ro l [/ 1. hat



(i Ru a R' is strongly monotone in for all i 1,.., k.

(ii) sup E(S'Rk) - k inf P(CS RA).

It should be pointed out that a rulf, ,imilar to R' has been studied by

Goel F6].

4. AIpp]i c-ation,

(A) A sequential (in.irse samp', nq ), sub-et, ,election rul,_for the most

proba-ble riul ti ni event.

Let X = (X ...... 'k have the ii!ultInoiii,i l distribution

k x.
(4.1) P(X = x) Xl ,I ) 1

where x = (xI , ... xk) Let PrrI -";P[k, denote the ordered values of p1 ,. *,',k*

The subset selection problem for thp nuitinomial distribution has been considered

by Gupta and ,Nagel [l], Gupta and -uang [9] and Panchapakesan [15]. A related

problem has also been discussed by Aliam, Seo and Thompson [2], Bechhofer,

Elmarghrabi and Morse [3]. In [9] and [11], the authors considered the fixed-

sample subset selection rules. The procedure given in [15] is based on a

completely sequential sampling scheme in which one observation is taken at

a time from the given distribution until the highest cell count is equal to

a fixed number N, say.

We consider below a variation of the sampling scheme in [2]. The

sampling scheme is given as follows: Let a positive integer N be given, and

let n1 ,n2,... denote a sequence of random observations taken from a Poisson

distribution with mean \. Having observed these numbers, take n. observations

from the given multinomial distribution for the ith e-Ieriment, i = 1,2,...

Let i denote the col1 correspondinq to p,, and let YijJ denote the cell count in

• i out of nj observations. Stop amp1in o)on a Ihe Lotal count fro': any
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cell ' i ,jual to or qreater than N. Let to denote th, stage at which thr,
t

e.,J;er,:,,t terrfinate-;, Id let X.(t) Y . .. Then X (to-l) N for
i- J 1u

il,.... k and X i ( t- N for sYne i. A'; in Section 2, let I be the ,et of

va1 un,; (A i for whi h (t ) , N and J be the set of values of j for which

". ,tri- -,-c.. where 1, i'; 2 . i ,loction constant associated with rule R.

Take the ,i;;i lar randot: nI;ervations, from the uniform distribution on the.

unit interval (0,I) and obtain the statistics U' and U. as defined in (2.15).1 J

Based on the statistics Ui,' and Uj c, we select the cell according to the rule

R 2 . Then the pr.bule,! reduces to that of selectinq the Poisson process with

maximum mean rate. To ser this, suppose the parameoter n in (4.1) is

a random variable distributed accordinq to a Poisson distribution with mean

It is easy to show that the cell frequencie'; X 1 .... IX are independently

distributed accordinq to the Poisson di-.tribAtion with mean > Pl .... I pk'

respectively. It follow-, (2.1f, that to e.s. favorable confiquration is

(k . '-) and the infirus of P(C,) is djim 'rr-t of the parameter

Moreover, the supremum of the e<pectod .st size is obtained when all

the cells are identical and is equal to k inf P(CS). It should be pointed

out that when '. 0 0, the rule reduces to the one oroposed by Panchapakesan [15].

(B) A sequential (inverse sam li njrule fcrselection _rocedure for k,

b i noni a lpopu~l htions-

Let 1.....k be k independent binomiai populations with parameters

Pl .. Pk respectively. To select a subset of the k populations which

contains the population associated with th- lare'; t pi I Gupta and Sobel [12]

proposed a f i xld-',,i; lpe procedure which a, w, 'd r; I i, '.t., i, f. it I ,

Ila x X.-X- wher,, X. ri prv' (ent- , ~ru nu ilwr of '.ij(-'( ,,' iti r irdepe;ndf,rt.
1l j -k 1

trials fr(en population i RPcently, Gupta, Huanq aird lluanr 10] proposed a
mmxX.- hi'X 'pe;'m .:nmmi~rffmnr~..e.i ~eemfi
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conditional procedure for this [,rohlem and rpiv, a lower bound for the

infimum of the probability of t correct selection. It should be pointed out

that a related problem has been considered by Sobel and Wei ;s [17].

3uppose the number of observations, taken ,js each stage from the k binomial

popultions, is a random variable distrihutod according to a Poisson distriltu-

tion with mean .. Usino the sa, samllinq procedure and selb.ction rule as

mentioned in part (A) of this 1-oction, the problem then reduces to that of

selecting the Poisson process with ]ar'est Sean rate. It follows

that the infimuim of the probability cif a correct selection and the supreuv

of the expected subset size take place when all the populations are identical.

Also the inf P(CS) and the sup E(S) do not depend on the common unknown parameter

p and the mean .. Moreover, the selection rule is strongly monotone in

for all i = ],..., k.
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TABLE I

li'ver' k, N, and f'*, this table qives tho actual rIniiimum P(CSI ) ,I d

tie :, est inteIer l (i, arrthesis) necessary to apply the procedur- I

P*- .7-,

<K 2 3 4 5 6 7

0 7500 1) I.3073, (2) 1 .0000 (2) 1.0000 (2) 1.0000 (2) 1 .o3. (' }

2."7-3 (2) 1 ,'06 ) . 7521 (2) 1 .0000 (3) 1.0000 '3) 0O000 (3)

0.2125 2 '1 F.:,67 (3) 0. ,62 (3) n. 419 (3) 0.8217 (3) 9 044 (3

5 .7,4 '2 0.: (3) 0.7757 () 0.9147 (1) 0.9024 (4) O .. 915 (4)

0 05 (3 0 7710 (3 0.8637 (4) 0.8330 (4) 0.8166 (4) 0.7981 (4)

0 ... 221 -, 0 F . 4) 0 .. 09 7 (4) 7762 , 0. 884 5) 0 8753 5()

0.2062 (3) 1 . 6, 6 (4)1 0.765, (4) ' ... 4, K) 0 8165 5

.70 . 7 O8 0 i 0 (" .0 7864 5 0 .652 / 5

10 1 0 .7,728. 4)i - ".5) , , 65? 6 0 .8392 (6)

P* .0

3 4 4 5 6

2 1.0000 (2) 1 0000 (2) 1.0000 (2) 1.0000 (2) 1.0000 () 1.0000 (2)

3 ,.3750 (2) 0 .025 (2) 1. 0000 ) 1.0000 ( ' 1.0000 (3) 1.0000 (3

.4 0.8125 (2) 0 .967 (3) 0.366... 0 .. 41-) (3) 0.8217 (3) 0.3044 4 ()

5 0.8906 (3) 0 8236 (3) (4.9291 (4 0.9147 (4) 0.9024 (4) 0.8915 (4)

6 0.8555 (3) 0 8955 (4) 0.2,637 (4) 0. ,30 (,2 ) 0.3166 (4) 0.9411 (5)

7 .21 28 0 -352:, ') 10 '97 ,1) ( , 0.... (5) 0.8753 (5)

0.0062 (3) ,16 3 "7,771 -1 ,, 0.8340 (5) 0.,165 (5)

0.0666 (4) 0.07Th (5 5 . 407 CK 1, 1',, F) .2937 (6) 0.8313 (6)

1 .2491, ) 0..3516 ) 7' ( ).5552 (6) 0~3.0' (6)
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I .FL? I rjrit 'd )

For qjvpn k N4 and P*, thi% tabIV 11v(-, ti,,. t gtja ,nimun P(CS I R, aid

thp S Iil est rtefier (in paretnthos ) , ecesarv to ,,Ir y th, iJ ocedure

.no '' 0,00 (2) O0 11 (2) 1 .0000 ( 1.r8o (2)

.,00 V) ; 3 '3),. .1 1 ) o 8'.1 ' 0008 (3) 1.0000 (3)

4 q375 C (4) 6..0 4 1 OOOC "4 000 (4)

£ :46U5- :} ; :4 ii 4 :"9 1 ( ' . !I" /4 9 2 ,1 ]. 0000 (5)

6 0.9 3 7 ,i . ? (5) r. 97'5 . ? (5) . 547 1- 0. 9475 (5) 0.9411 (5)

* 0.910 2 - 35 (5) 91 , ,.927 (5 0 972? (6) 0.96:d5 6):
?45 5 "' , 7' ( ),

79453 ( .. 9574 (5) .9534 (6) 0.94 0 9338 (6) 0.9257 ,6)

9 ,0.927Q (51 !.S3? 6' 0.923) (6) 09077 (6) 0 9616 (7) 0.9565 (7)

S 0.9102 05 ) .79 (6) 0 5 U) .942 (7) 8 9336 (7 0.9252 (7)

l*= .9F

3k 34 6 [7

0 ) 1 n o .00800 .0000.,

D .30q0 /,' yI~o :)! r. 0 !.Of1 2)' 1.0000 (2) 1.0000-.,

2 .00 (4) i.308(,:? .0" U, ).,(; ') 1.0080 (4) 1 O9. 0 o

i 6 (2-> ,,-) i.20O 5 r 1. 8 00 (5) 1.0. Is) O1.0008 (5) 1 .000 !0,

6 0.9144 (5) 0.q7?6 (5) .96'Q (5) ).q547 (5) 1.0000 (6) 1.0000 (6)

7 .. 542 5 0. ,,6t ..... 28 ( .76? 7 q6) 8.4685 (66

*. r 6. 6 i . I 1!.q]i!, ;5,1 ........ 3. (7

L z ......... .. . .. . .. ... .. .. _._ , .. _I I
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TABLE II

For given k, N, P* (or cl)and -, this table gives the actual probability

ut correct selection (top), the probability of selecting a non-best popula-

tion (middle) 3nd the expected proportion (bottom) of population selected in

the subset when the rule R1 is used and the parameters are given by slippage

configurations ,, . For given k and N, each of the four blocks of

three numbers correspond to P*=.75, .80, .90 and .95, respectively.

Note that for fixed k, N and P*(large) if cl=N (from Table I), all three entries

in each block are 1, as expected.
= 0.1

k 2 3 4 5 6 7

0.9993 0.9985 0.9Q78 1.0000 1.0000 1.0000
0.2487 0.2481 0.2475 1,0000 1.0000 1.0000
0.6240 0.4982 0.4350 1.0000 1.0000 1.0000

0.9993 0.9985 1.0000 1.0000 1.0000 1.0000
0.2487 0.2481 1.0000 1.0000 1.0000 1.0000
0.6240 0.4982 1.0000 1.0000 1.0000 1.0000

3
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1,0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Nk 2 3 4 5 6 7

0.9997 0.9999 0.9998 0.9997 0.9997 0.9996
0.0686 0.3168 0.3167 0.3165 0.3163 0.3162
0.5342 0.5445 0.4874 0.4531 0.4302 0.4138

0.9997 0.9999 0.9998 0.9997 u.9997 0.9996
0.0686 0.3168 0.3167 0.3165 0.3165 0.3162
0.5342 0.5445 0.4874 0.4531 0.4302 0.4138

4
0.9999 1.0000 1.0000 1.0000 1.0000 1.0000
0.3170 1.0000 1.0000 1.0000 1.0000 1.0000
0.6585 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000



;2)

=0. 1 1

2 3 r

2 3 4 5 6 7

0.9999 0.9999 0.9999 1.0000 1.0000 1.0000
0.0199 0.0968 0.0968 0.3790 0.3789 0.3789
0.5099 0.3979 0,3226 0.5032 0.4824 0.4676

1.0000 0.9999 1.0000 1.0000 1.0000 1.0000
i 0.o)9 0.068 0.3190 0.3790 0.3789 0.3789
0.5484 0.3979 0.5342 0.5032 0.4824 0.4676

1.0000 1.0000 1.0000 i.0000 1.0000 1.0000
0.3791 0.3790 0.3790 0.3790 0.3789 1.0000
0.6895 0.5860 0.5342 0.5032 0.4824 1.0000

1.OOno 1.0000 1.0000 1.0000 1,0000 1.0000
0.3791 1.0000 1.0000 1.0000 1.0000 1.0000
0.6895 1.0000 1.0000 1.0000 1.0000 1.0000

3 4 5 6 7

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

0.0297 0.0297 0.1276 0.1276 0.1276 0.1276
0.5148 0.3531 0.3457 0.3021 0.2730 0.2522

1.0OO 1.0000 1,0000 1.0000 1.0000 1.0000
0.0297 0.1276 0.1276 0.1276 0.1276 0.4355
0.5148 0.6237 0.3457 0.3021 0.2730 0.5161

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.1276 0.4355 0.4355 0.4355 0.4355 0.4355
0.5638 0.6237 0.5766 0.5484 0.5296 0.5161

1.0000 1.0000 1.0000 1.0000 1,0000 1.0000i
0.4355 0.4355 0.4355 0.4355 1.0000 1.0006
0.7178 0.6237 0.5766 0.5484 1.0000 1.0000

N 2 3 4 5 6 7

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0092 0.0415 0.0415 0.0415 0.1603 0.1603
0.5046 0.3610 0.2812 0.2332 0.3002 0.2802

1.0000 1.0000 1.0000 1,0000 1.0000 1.0000
0.0092 0.0415 0.0415 0.1603 0.1603 0.1603
0M5046 0.3610 0.2812 0.3282 0.3002 0.2802

7
1.0000 1,O000 1.0000 1.0000 1.0000 10000
0.0415 0.1603 0.1603 0.1603 0486s 04868
0.5208 0.6579 0.3702 0.3282 05724 05601

1.0000 1.0000 1.0000 1.0000 10000 1,0000
0. 1603 0.4868 0.4868 0,4063 0.4868 0.4868
0.5801 0.6579 0.6151 0.5895 0.5724 0.5601



2C
':0, 1

2 3 4 5 6

1 0000 1 .0000 1.0000 1 .0000 1 . o00r) 1 .0000
0.002M ) 0.134 0.0134 0.0554 0.0554 0.0554
0.5014 0.3422 0.2600 0.2443 0.2129 0.1904

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0023 0.0134 0.0554 0.0554 0.0554 0.0554
0.5014 0.3422 0.2916 0.2443 0.2129 0.1904

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0554 0.0554 0.1f42 0.1942 0.1942 0.1942
0.5277 0.3703 0.3957 0.3554 0.3235 0.3093

1.0000 1,0000 1.0000 1.0000 1.0000 1.0000
0.1942 0.1942 1.1942 0.5335 0.5335 0.5335
0.5971 0.4628 0.3957 0.6268 0.6112 0.6001k

2N 3 4 5 6 7

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0009 0.0043 0.0186 0.0186 0.0186 0.01860.5004 0.3362 0.2640 0.2149 0.1822 0.1588

1.O00 1.0000 1.0000 1.0000 1.0000 1.0000,
0.0043 0.0136 0.0186 0.0186 0.0712 0.0712
0.5021 0.3457 0.2640 0.2149 0.2260 0.2039

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0186 0.0712 0.0712 0.0712 0.2289 0.2239
0.5093 0.3808 0.3034 0.2570 0.3574 0.3391

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.0712 0.2239 0.22,0,9 0.2289 0.2289 0.2289
0.5356 0.4860 0,4217 0.3831 0.3574 0.3391

N 2 3 4 5 6 7

1.nooO 1.no 1.0000 1.0000 1.0000 1.00000.,O003 0.0014 0.0062 0.0062 0.0250 0,0250

0.5001 0.3343 0.2546 0.2049 0.1875 0.1643

1.0000 1.0000 1.0000 1.0000 1.000n 0000
O.,014 n.0062 0.0250 0.0250 0.0250 0.0250
0.5006 0.3374 0.2546 0.2200 0.1875 0,1643
1. 000 1.00O0 l.0000 1.0000 1.0000 1,0000

0.0062 0.0250 0. o0,8,7 0.0887 0,1817 0,0887
0.5031 0.3500 n,3165 0.2710 0,2406 0.2189

1.0000 1.00O0 1.0000 1.0OO 1-0000 1.0000
0.0250 n. 08f;7 F). O887 0.2640 0.26410 0.2640
0.5125 0.3925 r].31)5 11411 ? ,866 0.3691
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TABLE II (cont'd)

For given k, N, P* (or cI)and *., this table gives the actual probability

of a correct selection (top), the probability of selecting a non-best popula-

tion (middle) and the expected proportion (bottom) of populations selected in

the suLset when the rule R, is used and the parameters are given by slippage

configurations 5A, ',...,. For given k and N, each of the four blocks of

three numbers correspond to P*=.75, .80, .90 and .95, respectively.
Note that for fixed k, N and P* (large) if cI=N (from Table I), all three entries
in each block are 1, as expected.

6 = .3

N\k 2 3 4 5 6 7

0.9877 0.9766 0.9665 1.0000 1.0000 1.0000
0.5448 0.5326 0.5218 1.0000 1.0000 1.0000
0.7663 0.6806 0.6330 1.0000 1.0000 1.0000

0.9877 0.9766 1.0000 1.0000 1.0000 1.0000
0.5448 0.5326 1.0000 1.0000 1.0000 1.0000
0.7663 0.6806 1.0000 1.0000 1.0000 1.0000

3
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

N ~2 3 4 5 6 7

0.9884 0.9945 0.9919 0.9895 0.9872 0.9849
0.3267 0.6440 0.6386 0.6336 0.6288 0.6244
0.6576 0.7608 0.7269 0.7047 0.6885 0.6759

0.9884 0.9945 0.9919 0.9895 0.9872 0.9849
0.3267 0.6440 0.6386 0.6336 0.6288 0.6244
0.6576 0.7608 0.7269 0.7047 0.6885 0.6759

4
0.9972 1.0000 1.0000 1.0000 1.0000 1.0000
0.6499 1.0000 1.0000 1.0000 1.0000 1.0000
0.8235 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

L ..... ... .. _



6=0. 3

k 2 3 4 5 6 7

0.9910 0.9938 0.9909 0.9975 0.9969 0.9963

0.2048 0.4150 0.4105 0.7228 0.7204 0.7181
0.5979 0.6080 0.5556 0.7777 0.7665 0.7579

0.9968 0.9938 0.9981 0.9975 0.9969 0.9963
0.4199 0.4150 0.7253 0.7228 0.7204 0.7181
0.7084 0.6080 0.7935 0.7777 0.7665 0.7579

5
0.9994 0.9987 0.9981 0.9975 0.9969 1.0000
0.7307 0.7279 0.7253 0.7228 0.7204 1.0000
0.8650 0,8182 0.7935 0.7777 0.7665 1.0000

0.9994 1.0000 1.0000 1.0000 1.0000 1.0000
0.7307 1.0000 1.0000 1.0000 1.0000 1.0000
0.8650 1.0000 1.0000 1.0000 1.0000 1.0000

23 4 5 6 7

0.9973 0.9634 0.9975 0.9967 0.9960 0.9952
0.2743 0.2711 0.5006 0.4981 0.4957 0.4935
0.6358 0.6618 0.6249 0.5979 0.5791 0.5651

0.9973 0.9983 0.9975 0.9967 0.9960 0.9991
0.2743 0.5032 0.5006 0.4981 0.4957 0.7868
0.6358 0.6249 0.5979 0.5791 0.8171

6
0.9992 0.9997 0.9996 0.9994 0.9993 0.9991
0.5060 0.7915 0.7903 0.7891 0.7879 0.7868
0.7526 0.8609 0.8426 0.8312 0.8231 0.8171

0.9999 0.9997 0.9996 0.9994 1.0000 1.0000
0.7928 0.7915 0.7903 0.7891 1.0000 1.0000
0.8963 0.8609 0.8426 0.8312 1.0000 1.0000

2 3 4 5 6 7

0.9979 0.9984 0.9977 0.9969 0.9989 0.9987
0.1810 0.3436 0.3416 0.3398 0.5775 0.5762
0.5895 0.5618 0.5056 0.4712 0.6478 0.6366

0.9979 0.9984 0.9977 0.9991 0.9989 0.9987
0.1810 0.3436 0.3416 0.5789 0.5775 0.5762
0.5895 0.5618 0.5056 0.6629 0.6478 0.6366

7
0.9992 0.9996 0.9993 0.9991 0.9998 0.9998
0.3456 0.5817 0.5803 0.5789 0.8383 0.8378
0.6724 0.7210 0.6850 0.6629 0.8652 0.8609

0.9998 0.9999 0.9999 0.9999 0.9998 0.9998
0.5832 0.8400 0.8395 0.8389 0.8383 0.8378
0.7915 0.8933 0.8796 0.8711 0.8652 0.8609



-0.31

N 2 2 4 5 6 7

O. 984 .997 3 .9K ',.9Q1 ]0 99 0.9987

0. 1206 0. 340 4. '137 C.4l6 0.4115 0.4104
.. 5595 0.42 0.4"10 8. 5f) q 0.5094 0.4944

0. 9984 0.12 0,. '0 p. 9991 0. 9989 0.9987
0.1206 0.2340 0.41<,, 0.4126 0.4115 0.4104
0. 5595 O.h 4-.5W99 U.5094 0.4944

0.9998 0.9996 q. 094Q. 999, 0.9997 0.9997
0.4161 4149 0.6415 0.64K9 '.6480 0.6473
0. 7079 ",,O O.737 '1.7190 0.7C67 0.69 77

9.9999 0.9999 0.9.0 1.0000 1.0000 i.0000
0.6511 0.6503 064', 0.8766 '76 0.2 76
0.3255 0.7668 . 37 .013 ",0'1

N' 2 3 4 56 7

0.9983 0.9990 0.9994 9.999? n.9990 0.99£.
0.0808 0.1595 C..:' K.?"u: 0 .?2, 2 .'>
0.5398 0. 439 (;.461 )?0 f ,'07 0

0.9995 3.99P6 0.(994 0.999? 0.9997 0.9996

0.1603 0.2918 0.2910 0.TO"8 0.4811 0.4805
0.5799 0 .5277 0.,16 .i ? 5676 0.5547

9
0.9998 0.9999 0.9992 0.TI98 0.9999 0.9999
0.2927 0 .4832 0 .4 18 0.7082 0.7079
0.6462 0.655f) 0.1! ).52',54 0.7569 0.7496

.0.9999 .000C 0.999 C. 0.9999 0.999q 0.9999

0.4839 0.7094 9.7001 0.702, 0.7082 0.77'
0.7419 0.8063 C. 79 18 0.766"9 0.7569 0.7496

2 3 -- 5 6 7

0.1992 5.3992 .99- 0.9993 0.9997 0.9996
0.0545 O. . 0' O. 0.3494 0. 34 9
0.5268 G.425o 0 .36 z 0.457 0.41

O.9996 0.9997 0.0998 0.39997 0.9996
0..109 0 .0 .2. 0 349'11 0. 3494 0 .348 ')
0.5545 0.4691 .5 12,, 0.47l 0.457,', 0.4419

l0 0.9998 0.9999 1.0000 0.q99q 0.9999 0.9999

0.2044 9. 510 O. 54,4 : 1". 54 1 4t) , 460 0. 5457

0.6021 0 . 7 0 .6i60l .6 7] 0. 217 0.6106

0 .9999 1 .0003 1 .0008 1 . 0010 I. 3000 1. 0000
0.3515 0.547,)  C). J,, 4 0. 7590
0.6757 .0(,21 0.6601 '.201% .' '4 (.i9>.
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TABLE II (cont'd.)

For given k, N, P* (or c)and 6, this table gives the actual probability

of a correct selection (top), the probability of selecting a non-best popula-

tion (middle) and the expected proportion (bottom) of populations selected in

the subset when the rule R is used and the parameters are given by slippage

configurations 6X, ,... ,. For given k and N, each of the four blocks of

three numbers correspond to P*=.75, .80, .90 and .95 respectively.
Note that for fixed k, N and P* (large) if c1=N (from Table I), all three

entries in each block are 1, as expected.
6=0.5

N 2 3 4 567

0.9630 0.9336 0.9092 1.0000 1.0000 1.0000
0.7037 0.6719 0.6462 1.0000 1.0000 1.0000
0.8333 0.7591 0.7120 1.0000 1.0000 1.0000

0.9630 0.9336 1.0000 1.0000 1.0000 1.0000
0.7037 0.6719 1.0000 1.0000 1.0000 1.0000
0.8333 0.7591 1.0000 1.0000 1.0000 1.0000

3
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
l.0000 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Nk 2 3 4 5 6 7

0.9547 0.9771 0.9677 0.9593 0.9517 0.9446
0.5391 0.7852 0.7704 0.7575 0.7460 0.7357
0.7469 0.8491 0.8197 0.7976 0.7803 0.7656

0.9547 0.9771 0.9677 0.9593 0.9517 0.9446
0.5391 0.7852 0.7704 0.7575 0.7460 0.7357
0.7469 0.8491 0.8197 0.7976 0.7803 0.7656

4
0.9877 1.0000 1.0000 1.0000 1.0000 1.0000
0.8025 1.0000 1.0000 1.0000 1.0000 1.0000
0.8951 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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=0. 5

" k
N 2 3 4 6 7

0.9547 0.9669 0.9534 0.9856 0.9827 0.9799
0.42q4 0.6274 0.609? 0.8437 0.8370 0.8309
".6920 0.7405 0.695? 0.27?1 0 . , .19 0.8522

2-.9322 8.9669 0.9888 0.9856 0.9827 0.9799
0.6488 0.6274 0.851 0.8437 0.3370 0.8309
(.0155 0.7405 0. -54 0.8721 0.8619 0.8522

0.9959 0.9922 0.9889103956 0.9827 1 .0000
0.. 2,6,3 05, O.8437 .87 1 .0000
0.9321 0.9035 0.2,54 0.27?1 6 1 .0000

0.9959 1.0000 1.0000 1.0000 1.0000 1.0000
0."623 1.0000 1.000' . ()00 .0000 1.0000
0.9321 .0090 1 .8800 .00 .r000 1 .0000

k 2 3 4 5 6 7

0.9803 0.9634 0.9813 0.9761 0.9713 0.9667
0.5318 0.5110 0.7115 0.7009 0.6914 0.6827
0.7561 0.6613 0.7789 0.7560 0.7380 0.7233

0.9803 0.9870 0.9813 0.9761 0.9713 0.9929
0.5313 0.7232 0.7115 0.7009 0.6914 0.8918
0.7561 0.21 " 1 0.77;,89 0./56() 0.7380 0.9063

0.9931 0.9974 0.996? 0.9950 0.9939 0.9929
017366 29074 0.9 09 990 0.95' 0.1911
0.8649 0.9374 0.?63 0. 91,2 0.9117 0.9063

0.9986 n.9924 0.9962 07.950 1.0000 1.0000
0.?122 0.9074 0.90 ,'),0 0.; , 99 1.0000 1.0000
9.9554 O. 9374 O (3.'.!2? 1.0000 1.0000

2 3 45 6 7

0.9803 (.9843 0.9775 0.9712 0.9886 0.9367
0.4407 0.6085 0.5959 0.5847 0.7767 0.7710
0.7105 0.7737 .9. 3 0.6620 ,.8120 0.8012

0.9803 O.Q843 0. -775 0.9906 0.9886 0.9867
0.4407 0.6085 0.585Q8 0.7829 0.7767 0.7710
0.7105 0.7337 0 6 11 ().,,,44 r. 20 0."1018

7
0.9917 o.(q5n 0.9928 .9906 0.9979 0.9975
0.6228 0. 796," 0. 78'15 0. 7829 . 5 0.9306
n. )073 f.2,-3 ( 4 . 244 9. 434 O.9401

0.9974 0.99 r) I ).T I )g, 0. 9923 (1.9979 O.9975
0.8049 0.9390 ., r3t)7 0.(345 ,.) Q C) 0.9306
0.()012 0.9590 1;; 0..'14/, >., 0:401



-0.5

2 3 4 5 6 7
0. 9812 .ql 3,? Q. ,70 ,j.9277 0. 98 5 0. 9825
0.91 0.0323?i
0.3685 0.517 .5007 F:.750 .667. 0.6611
0.6749 0.670? o.,, ; 0.7,/5 ./"07 0.7070

.Q812 2.92? . . 0) 9:,77 0 7 90 0. 9825
0. 3685 0.5137 0.2 0.6750 0.6(72- 0.6611
; 0.6749 0.670? . 717 '  0.720/ 0.7070

8

0.9966 0.9934 0. 197? 0.9964 0.9956 0.9948
0.7009 0.6914 0.17., : .400 0 ..364
0.3407 0.7920 "1.-' 0.3,43 0. :659 .8590

0.9990 0.9981 0.997" 0.9994 0.9993 0.9992
0.3569 0.8,522 ,.2 ", 2,574 0.9563 0.9552
0.9280 ".9008 O.0185? 9.'658 0.9634 0.9615

N 2 3 4 5 6 7

0.9826 0.9832 0.9892 0.9860 0.9830 0.9802
0.3102 0.4356 0.5834 0.5205 0.5731 0.5663
0.6464 0.6181 0.6236 0.6616 0'.6414 0.6255

0.9912 0.9926 0. 9292 Q.9860 n.9930 0.9927
0.4480 0.5972 .. 4 C ',05 0.7441 0.7395
n.7196 0.7290 , 0. -1 . 7857 0.7757

0.9961 0.9973 n. 9QF,1 0.u949 0.998 0.9980
0.6069 . .759 P 7 0G. O.60 0.8 8-) "1-)
0.8015 0.8390 C .) 7-: 0.9047 0.9001

O.?936 0.9993 q.90 0. 997 0.9983 0.9980
0.. : .... '0. 8,60 0. 2832;:

C.3823 0.9226 n.917:,  0.9103 0.9047 0.9001

N"' 2 3 4 5 6 7

0.9841 0.9838 0.9887 0.953 0.9925 0.9912
0.2626 0.3700 0.5069 0.4q93 0.6538 0.6488
0.6233 0.5751 '.6273 0.596? 0.7103 0.6977

0.9915 0.9922 0.9887 0.0939 0.9925 0.9912
0.3816 0.5152 n.5069 0.0591 0.6538 0.6488
0.6866 0.6742 0.6?71 0./ U. 7 10,1 0.6977

10
0.9960 0. 996i 0. 019'4 01 ."Q7 .1 975 0.9970
0.5245 0.6709 0. 11 C O .",0 1 .1050 0.8020
0.7602 0.7795 .. %, . I . 1,71 0.829"

0.9984 0.998q 0.9984 0.99q5 0.9494 0.9993
0.6776 0.,8151 0.8115 9. ?O(, 0. 9191 0.9178
0.8380 0.8764 0.85 8 "1,6? U.,l K 0.9295
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TABLE II (cont'd.)

For given k, N, P* (or c)and 6, this table gives the actual probability

of a correct selection (top), the probability of selecting a non-best popula-

tion (middle) and the expected proportion (bottom) of populations selected in

the subset when the rule R, is used and the parameters are given by slippage

configurations 6X, A,...,A. For given k and N, each of the four blocks of

three numbers correspond to P*=.75, .80, .90 and .95, respectively.
Note that for fixed k, N and P* (large) if cl=N (from Table 1), all three entries

in each block are 1, as expected.

k 2 3 4 0.5

0.9302 0.8816 0.8445 1.0000 (3) 1.0000 1.0000
0.7965 0.7458 0.7078 1.0000 1.0000 1.0000
0.8633 0.7911 0.7420 1.0000 1.0000 1.0000

0.9302 0.8811 1.0000 1.0000 1.0000 1.0000
0.7965 0.7458 1.0000 1.0000 1.0000 1.0000
0.8633 0.7911 1.0000 1.0000 1.0000 1.0000

3
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Nk 2 3 4 5 6 7

0.9036 0.9492 0.9310 0.9156 0.9022 0.8903
0.6831 0.8518 0.8290 0.8100 0.7938 0.7795
0.7933 0.8842 0.8545 0.8312 0.8118 0.7953

0.9036 0.9492 0.9310 0.9156 0.9022 0.8903
0.6831 0.8518 0.8290 0.8100 0.7938 0.7795
0.7933 0.8842 0.8545 0.8312 0.8118 0.7953

4
0.9713 1.0000 1.0000 1.0000 1.0000 1.0000
0.8803 1.0000 1.0000 1.0000 1.0000 1.0000
0.9258 1.0000 1.0000 1.0000 1.0000 1.0000

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 .0000 1.0000 1.0000



34

=0.7

2,3 4 57

0.3919 0.9183 0."1901 0.9627 0.9561 0.9501
6 (55 0.7426 .7100 0.0099 0.8800 0.8712

0.7487 0.801? 0.7562 0.9044 0.8927 0.8825

0.9534 0.0123 0.9701 0.9627 0.9561 0.9501
0.7846 0.7426 0.9011 0.8099 0.8800 0.8712
C. '60 O.3C12 0.01 "' . 9044 0.8927 0.8825

5
7.9882 0.7 4 0.9701 0.9627 0.9561 1.0000

0.9296 0.9140 0.1011 0.8899 0.8200 1.0000
. 950I ,.9355 0. 9 1 3 r. 9044 0.8927 1.0000

0.9882 1.0000 1.0000 1.000 1.0000 1.0000
0.9296 1.0000 ".0000 1.0000 1.0000 1.0000
C.1589 1 .0000 I .0000 1 .O90 1.0000 1.0000

k i"' 2 3 4 5 6 7

0.9425 0.8998 0.9451 0.9320 0.9204 0.9100
,.7087 0.6610 0.;07 0.789 8.7732 0.7592
S.7434 1.7,06 2. t 1 o.8779 K. 7 7? 0. 7807

-.9425 0.9601 0.9451 0.9320 0.9204 0.9779
0,. 7 6 ;.0,7 f .78993 ).773? 0. 9250
4 34 1 . .4'(' 1 0. l 7. 797, 0.9333

..... 0. WC72 0.. 938 0.9807 0.0779
... 0367 G.9 0 0.9252

. ,, ,I a ! K. 946 . Y3023 0.'.O

951 .90> (. q7 . ,.02 000 .000
.95.96 P."r'3 O. 941; j.'9I'7 1.O000 1.2,10

0 .76 9  0. 938 , 9541 0.9462 1.0000 1.0000

\N24567

0.9340 0.9467 0.9269 0.9098 0.9604 0.9547
0.6468 0.7563 0.7294 0.7069 0.8525 0.8429
0.7914 0.8102 0.7 ;I 0.7476 0.8705 0.8589

0.9340 0.9467 0.926 1 0.9666 0.9604 0.9547
0.6468 0.7563 0.7294 0.8632 0.8525 0.8429
0.7914 0.8198 0.778, 0.8839 0.8705 0.8529

7
0.9703 0.9810 0.9734 0.9666 0.9917 0.9904
0.7897 0.980 0.,2:753 .863 " 0.9606 0.9577
0.8800 0.107 .. 'N12 r. I " 0. (If, 0.9623

0.9897 0.906? 0. -)46 . 9011 O.,4017 0.9904
0.9054 0.071, 0 1674 . 60.%606 0.9577
0.9476 0.97V6 O.q74? Of. 607 . 65P 0.9623
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=0.7

kI
N 2 3 4 5 6 7

0.9322 0.9370 ().913( 0.9518 0.9431 0.9351
0.5949 0.6937 0.6640 0.7938 0.7797 0.7669
0.7635 0.7748 0.7265 0.8254 0.8068 0.7910

0.9322 0.9370 0 .q615  0.9518 0.9431 0.9351
0.5949 0.6937 0.8099 0.7938 0.7797 0.7669
0.7635 0.7748 0.83478 0.8254 0.806' 0.7910

8
0.9850 0.9724 0.9874 0.9840 0.980 0.9779
0.8509 0.8286 0.9203 0.9128 0.9059 0.8997
0.9180 0.8765 0.937, 0.9270 0.9184 0.9109

0.9953 0.9911 0.9874 0.9971 0.9964 0.9959
0.9384 0.9287 0.9203 0.9794 0.9776 0.9760
0.9669 0.9495 0.9371 0.9829 0.9808 0.9788

Nk 2 3 4 5 6 7

0.9301 0.9303 0.9520 0.9400 0.9293 0.9195
0.5504 0.6399 0.7503 0.7315 0.7151 0.7005
0.7403 0.7367 0.8007 0.7732 0.7508 0.7318

0.9610 0.9655 0.9520 0.9400 0.9702 0.9657
0.6789 0.7723 0.7503 0.7315 0.8482 0.8392
0.8199 p.9367 0.8007 0.7732 0.8685 0.8573

0.9811 0.9861 0.9803 0.9750 0.9909 0.9895
0.7988 0.8815 0.8690 0.8580 0.9409 0.9370
0 3900 0.9329 0.8969 0.8814 0.9492 0.9445

0.9926 0.9959 0.9941 0.9925 0.9909 0.9895
0.8960 0.9547 0.9496 0.9451 0.9409 0.9370
0.9443 0.9684 0.9608 0.9545 0.9492 0.9445

N\ k1 2 3 4 5 6 7

0.9293 0.9257 0.9445 0.9308 0.9608 0.9550
0.5117 0.5931 0.6969 0.6765 0.7924 0.7314
0.7205 0.7040 0.7588 0.7274 0.8205 0.8062

0.9583 0.9600 0.9445 0.9671 0.9608 0.9550
0.6327 0.7910 1.6969 0.t04!( 0.7924 0.7814
0.7955 0.8007 0.7588 0.8371 0.8205 0.8062

10

0.9781 O.q8l5 0.9901 0.q,,74 9.'448 0.9824
0.7502 0. P31) .1 1,' 0. ]4 f >,974 0. 8991 1
0.8642 0l. M'i 'II () .I)(,I( P;1119 '10 1

). 9901 1y. '19). .3901 9.96', (1. 950 0.99.51

0.8522 0.919? 0.9112 0.0651 1.9)63? 0.91609
0.9211 0.943) 0.9309 0.971 1.9686 0.9657

L~. _ _
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